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Recent advances in process synthesis, design, operations, and control have created an
increasing demand for efficient numerical algorithms for optimizing a dynamic system
coupled with discrete decisions; these problems are termed mixed-integer dynamic
optimization (MIDO). In this communication, we develop a decomposition approach for
a quite general class of MIDO problems that is capable of guaranteeing finding a global
solution despite the nonconvexities inherent in the dynamic optimization subproblems.
Two distinct algorithms are considered. On finite termination, the first algorithm guar-
antees finding a global solution of the MIDO within nonzero tolerance; the second
algorithm finds rigorous bounds bracketing the global solution value, with a substantial
reduction in computational expense relative to the first algorithm. A case study is
presented in connection with the optimal design and operation of a batch process
consisting of a series reaction followed by a separation with no intermediate storage. The
developed algorithms demonstrate efficiency and applicability in solving this problem.
Several heuristics are tested to enhance convergence of the algorithms; in particular, the
use of bounds tightening techniques and the addition of cuts resulting from a screening
model of the batch process are considered. © 2005 American Institute of Chemical Engineers
AIChE J, 51: 2235-2253, 2005
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1 Introduction

Many problems in chemical engineering can be formulated
as mixed-integer programs (MIPs), that is, optimization prob-
lems that involve discrete-valued as well as continuous-valued
variables. The discrete variables are typically used to model the
selection of unit operations in a flowsheet, temporal sequencing
decisions (binary variables), or numbers of equipment items,
batches, functional groups, and so forth (integer variables). The
continuous variables correspond to design decisions and oper-
ating conditions pertaining to a certain system structure (such
as unit sizes, pressures, temperatures, etc.). Over the last two
decades, interest in dynamic simulation and optimization of
chemical processes has increased significantly, with particular
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emphasis placed on examining the performance of a process
system operating under transient conditions. Chemical pro-
cesses are typically modeled using ordinary differential equa-
tions (ODESs) or differential/algebraic equations (DAEs); these
equations describe mass, energy, and momentum balances and
thus ensure physical and thermodynamic consistency. Recent
advances in process synthesis, design, operations, and control
have created an increasing demand for efficient numerical
algorithms capable of optimizing a dynamic system coupled
with discrete decisions; such problems are termed mixed-inte-
ger dynamic optimization (MIDO). Areas of application for
MIDO include batch process synthesis and development,'-
design of batch distillation columns,®® solvent design in batch
processes,’ simultaneous design and control,'%-!3 reduction of
kinetic mechanisms,'+!> and optimization of hybrid discrete/
continuous systems.'®!® In contrast to dynamic optimization
problems (including global dynamic optimization meth-
0ds'9-29), for which direct solution methods are capable of
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solving a broad class of problems, only limited progress has
been achieved in addressing MIDO problems. In particular, no
general procedure has yet been proposed that guarantees con-
vergence to a global solution of a MIDO problem.

The solution approaches for dynamic optimization problems
without discrete variables participating can be divided into
simultaneous and sequential methods. The former method, also
termed total discretization, converts the problem into a finite
dimensional nonlinear program (NLP) by discretization of the
states and controls using, for example, orthogonal collocation
on finite elements.?! Within the sequential, or control vector
parameterization, approach?? only control variables are dis-
cretized; the state variables, which appear indirectly in the
differential constraints, are determined by numerically solving
an initial value problem. By using either of these approaches,
a MIDO problem can be converted into a mixed-integer non-
linear program (MINLP). All the approaches for MIDO that
have been proposed thus far in the literature are based on these
principles. Avraam et al.'® and Mohideen et al.!? applied the
total discretization approach and solved the resulting MINLP
based on decomposition strategies, that is, the outer-approxi-
mation®*2* (OA) and generalized Benders decomposition®’
(GBD) algorithms. However, this approach is marked by two
major drawbacks. First, the number of variables in the MINLP
explodes. This increase in problem size severely restricts the
number of parameters and state variables for which the original
problem may be practically solved. Second, the nonconvexities
inherent in the total discretization method reduce the algorithm
to an ad hoc improvement strategy when used in conjunction
with a convex MINLP solver. On the other hand, Schweiger
and Floudas,!? Sharif et al.,® and Bansal et al.'® decompose the
MIDO algorithm into a sequence of primal problems (noncon-
vex dynamic optimizations), where the discrete variables are
fixed, and relaxed master problems, which generate a new
realization for the discrete variables. The computational effort
is substantially reduced when using numerical integration to
provide function evaluations and gradients for the dynamic
optimization problems. However, neither the use of dual infor-
mation nor the use of linearizations of the primal problem
functions can guarantee providing valid support functions be-
cause of nonconvexity of the participating functions; therefore,
such procedures are prone to excluding (possibly large) por-
tions of the feasible region within which a global solution may
occur. Allgor and Barton?2¢ acknowledged that the construc-
tion of “support” functions from primal or dual subproblems
may yield potentially invalid lower bounding representations
arising from the nonconvexities inherent in the dynamic opti-
mization subproblems. Instead, screening models® derived
from domain specific knowledge gathered from physical laws
and engineering insight are used to construct a valid master
problem. Furthermore, a decomposition approach is proposed
by these authors that terminates with rigorous upper and lower
bounds on the global solution value to the MIDO problem and
a solution that is potentially suboptimal. This procedure has
been applied to batch process development.?”-28

In recent years, deterministic global optimization algorithms
for MINLPs, where the participating functions are nonconvex,
have begun to emerge. These methods rely either on a branch-
and-bound procedure (branch-and-reduce,??-*° SMIN-aBB and
GMIN-aBB,?" reformulation/spatial branch-and-bound3?) or
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on a decomposition strategy (OA for nonconvex separable
MINLPs?? and nonconvex nonseparable MINLPs3*). Further-
more, branch-and-bound and decomposition-based algorithms
have been shown to be particular instances of a generalized
branch-and-cut (GBC) framework used with different sets of
heuristics.>> By combining these global MINLP algorithms
with the new convexity theory developed by Singer and Bar-
ton?° that enables the construction of convex relaxations for
general, nonconvex, Bolza-type functionals subject to an em-
bedded linear time-varying (LTV) dynamic system, Lee and
Barton?® and Barton and Lee!” recently solved MIDO problems
with embedded LTV dynamic systems to global optimality.
Applications of this procedure are given for linear hybrid
discrete/continuous systems where the sequence of modes is
optimized. The limitations, of course, are that such algorithms
apply only to problems with linear dynamic systems embed-
ded.

In this article, building on recent developments in both
deterministic global optimization for MINLPs and relaxation
techniques for optimization problems with embedded
ODEs,?73% we develop a decomposition approach for a quite
general class of MIDO problems that is capable of finding a
global solution despite the nonconvexities inherent in the dy-
namic optimization subproblems, while still potentially avoid-
ing total enumeration of the discrete alternatives. More specif-
ically, we extend the OA algorithm proposed by Kesavan et
al.?3 to mixed-integer problems with nonlinear ODEs embed-
ded. The convexity theory and relaxation techniques developed
in Singer and Barton373% are used to construct valid convex
relaxations for the functions with state variables participating.
One reason for selecting the OA algorithm is the feasibility of
developing an implementation using parallel computations;
such an approach would significantly reduce the computational
time and allow the solution of larger problems,? especially
when solution of the primal problem dominates the running
time, which is the case here. Ostensibly, any other branch-and-
bound or decomposition-based global MINLP algorithm could
be used to solve the problem, provided that rigorous lower
bounding problems could be constructed from existing relax-
ation techniques. To the authors’ knowledge, our contribution
represents the first practical and truly rigorous deterministic
global optimization algorithm in the area of mixed-integer
dynamic optimization.

The remainder of the paper is organized in the following
manner. In section 2, we formulate the MIDO problem and
derive the subproblems used in the OA algorithm; special
emphasis is placed on the construction of valid relaxations for
functions with state variables participating. The proposed al-
gorithm for solution of MIDO problems to guaranteed global
optimality is presented in section 3, and several aspects related
to its numerical implementation are discussed. The final section
of the paper presents a relatively simple batch process devel-
opment example that demonstrates the applicability and effec-
tiveness of the proposed approach.

2 Theoretical Background

Let P = [p~, pY] CR™, Y = {0, 1}, and X C R™ be such
that x(p, y, 1) € X, V(p, y, 1) € PX YX [t,, . We consider the
class of MIDO problems that conform to the following
formulation:
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min } = d)()[x(p’ Y. tf)y P, Y] +
Py

S.t.

x(p.y. ) = flx(p.y. ), p. ¥, 1]
x(p,y. 1) = h(p,y)

PEP

YEY

where p denotes the continuous time-invariant parameters; y is
a special set of time invariant parameters that can take only 0—1
values; 7, and 7, denote the initial and final time, respectively;
x represents the continuous variables describing the state of the
process; ¢y : XX PX Y+ Rand iy : XX PX YX [to, t] = R,

k = 0,..., n. are continuous, potentially nonconvex map-
pings; f; : XX PX Y°X [t,, ]+ R,i=1,...,n,and h;: PX
Y - R, i = 1,..., n, are continuous mappings; Y =

conv(Y) = [0, 1] denotes the convex hull of Y.

Remark 2.1. The objective and constraint functions in (P)
can include a finite number of point and integral terms internal
to the time domain, but these are omitted here for the sake of
clarity.

Remark 2.2.  Problems containing function-valued decision

0= ¢x(p,y. 1), p.y1 + | wlxp.y,0.py. fldt &

I
f llfo[X(Ps y’ t)’ p’ y’ t]dt

0

I

L...
to

V1€ [t, 1]

(P)

variables, u(f), can be converted into the formulation given in
(P) by applying standard control parameterization techniques,
which consist of approximating the infinite dimensional control
variables, u(f), with parametric functions, U(p, ), such as
piecewise constant or piecewise linear functions. A piecewise
constant approximation could also be considered for problems
containing binary functions, y(¢), that is, functions whose time
profile is restricted to take 0—1 values.

Remark 2.3. The final time f; in problem (P) is fixed.
However, MIDO problems with a varying end time can be
addressed by transformation, such as by normalizing the time ¢
as 7 = (t — ty)/At, where At = t, — t,. Accordingly, the
objective and constraint functions in (P), as well as the differ-
ential system, would be reformulated as

1
} = d’o[X(P’ Y. 1)’ P, y] + j At X ‘r”O[X(p’ Y. T)s P,y TAt + tO]dT
0

1
0 = d’k[X(P, y, 1)’ P, Y] + J At X lljk[x(p$ y, T)» P. Yy, TAt + tO]dT k
0

x(p,y, 7) = At X f{x(p, y, 7), p, ¥, TAt + 1,]

...

Vre[o,1]

x(p,y,0) = h(p,y)

and At could then be considered as a decision variable in the
optimization problem. Also, piecewise control functions have
to be on a fixed partition of the time interval, but this can be
addressed by applying similar time transformations.

Remark 2.4. In contrast to other recent, quite general MIDO
formulations where the dynamic systems are described by a set of
DAE;s,>19 problem (P) considers only embedded ODE systems.
This is because no technique has been proposed to date for
constructing valid relaxations of a problem with DAEs embedded.

The methodology adopted to solve MIDO problems as spec-
ified in (P) to guarantee global optimality consists of extending
the OA algorithms originally developed by Kesavan et al.?3 for
nonconvex MINLPs. Two different algorithms are considered.
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On finite termination, the first algorithm finds a global solution
of (P), whereas the second algorithm finds rigorous bounds
bracketing the global solution value of (P) and a solution that
is potentially suboptimal. Each of these algorithms is detailed
in section 3. They are both based on construction of the
following subproblems:

® Primal problem: a nonconvex dynamic optimization prob-
lem obtained by fixing the binary variables y in (P), any
feasible solution of which yields a rigorous upper bound to the
solution value of the MIDO problem (P).

® Lower Bounding Convex MIDO problem: a convex MIDO
problem, the solution of which yields a valid lower bound to
the global solution value of problem (P).
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® Relaxed Master problem: a MILP, the solution of which
represents a valid lower bound on that subset of Y not yet
explored by the algorithm.

® Primal Bounding problem: a convex dynamic optimiza-
tion problem, the solution of which provides a valid and tighter
lower bound to the Primal problem for each fixed binary
realization y than that provided by the Relaxed Master problem
that generates y.
A prerequisite for constructing any of these subproblems, ex-
cluding the Primal problem, is a convexity theory for dynamic
optimization and the ability to build valid convex relaxations
for the functions in problem (P). Techniques for deriving such
relaxations are discussed in subsection 2.1. The aforementioned
subproblems are then formulated and described thoroughly in
subsections 2.2-2.5. We conclude this section by considering a
simple mathematical example that illustrates construction of the
relaxations and subproblems in subsection 2.6.

2.1 Constructing convex relaxations of the problem
Junctions

To derive valid convex relaxations of the original MIDO
problem, one has to convexify and relax the nonconvex func-
tions defined in both the continuous and discrete variables.

In the last three decades, significant developments have been
achieved in deriving convex relaxations for functions of special
structure without state variables participating. For example, the
convex envelope for bilinear and univariate concave functions
has been derived*’; the convex and concave envelopes for
fractional, multilinear, and similar expressions have also been
derived*'#2?; convex underestimators for separable** and fac-
torable*® functions can be constructed; and a-based convex
underestimators can be obtained for twice continuously differ-
entiable nonconvex functions.**

Recently, a convexity theory has been developed that enables
the convex relaxations of elementary functions on Euclidian
spaces (described above) to be harnessed in the construction of
convex relaxations of general, nonconvex Bolza-type functionals
subject to an embedded (LTV) dynamic system.2° The fundamen-
tal theorem for generating convex underestimators for parameter-
embedded integrals states that partial convexity of the integrand
implies convexity of the integral. Furthermore, several construc-
tive methods have been proposed in recent years to construct

convex relaxations of functions with state variables participating.
Papamichail and Adjiman'® substitute a new real-valued decision
variable and introduce a new equality constraint for each state at
a fixed time. This additional constraint can then be relaxed by
deriving a-based convex lower and concave upper bounding
inequalities, where the a-values are determined rigorously from a
combination of interval arithmetic techniques and the simulta-
neous solution of second-order sensitivity equations. Chachuat
and Latifi*> propose to convexify every term in the objective and
constraint functionals with state variables participating by adding
a suitable quadratic term. Two approaches, one based on the
sensitivity system and one based on the adjoint equations, are
described to compute these quadratic terms. Singer and Barton3’
develop a technique for constructing convex and concave relax-
ations for the solution of a system of non-quasi-monotone ODEs
based on an OA method. Subsequently, they derive convex relax-
ations for both point and integral terms by using the former ODE
relaxations in conjunction with McCormick’s composition result
and factorable representation.*°

Note that any of these approaches can be readily adapted to
relax the solutions of functions with state and binary variables
participating, such as by relaxing the discrete variables as
continuous variables y € Y*. In the remainder of this paper, we
focus exclusively on the relaxation technique proposed by
Singer and Barton.?” As compared to the other available relax-
ation methods for problems with embedded ODEs, this tech-
nique does not need to evaluate second-order derivatives and
presents the interesting property that the relaxations for the
solution of the differential system are affine in the parameter
space at any fixed time. Accordingly, a substantial amount of
computational time can be saved by exploiting this special
structure in the MIDO algorithms; this aspect of our imple-
mentation is discussed in more detail in subsection 3.3.

Constructing convex relaxations for terms with state vari-
ables participating proceeds in three main steps:

(1) State bounds: Compute time varying enclosures X(7) =
x (o), xY(0)]1, t € [1,, t,] for the solution of the embedded dynamic
system on PX Y by applying any suitable state bounding tech-
nique. When a set %() of natural bounds is known for the dynamic
system, valid enclosures are obtained by solving any set of ODEs
that satisfy the following inequalities in x“ and x" (see Corollary
2.4 by Singer and Barton®’ for proof and discussion):

i) = inf{ (X, P, ¥, 0) : R EXWO NKO), % =x0),pEP,§ E YV}

p.y

2/(0) = sup{fi(%, B, §. ) : X E XD NX(), %, = x/ (). PE P.§ € ¥}

X.p.y

xi(to) = inf{h(P,§) : PE P, § E Y'}
Py
xi'(ty) = sup{h(. ) : PE P, FEY)

p.y

(2) State relaxations: Construct convex underestimators
and concave overestimators for the solution of the embedded
differential system. Given time-varying enclosures ¥(f), t €
[#o, #/], a convex underestimator ¢(p, y, f), and a concave
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V1 €& (t, 1]
i=1,...,n,

overestimator C(p, y, t) for x(p, y, ?) are obtained on PX Y¢,
at each fixed ¢ in [y, 7], by solving the following set of
ODEs (see Theorem 3.2 by Singer and Barton3” for proof
and discussion):
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éi(pv y. t) = ir_lf{<$14,(i7 P, Yy, t)|x*(t).p*,y* : i € cg(p’ Yy, t)5 fi = Ci(p’ y, t)}

Ci(p; y’ t) = Sl}p{gui(i» p’ y: t)|x*(t),p*,y* : i € (G(p’ y: t)a -fi = Ci(p’ ya t)}

c(t) = h(p, y) = C(z)

for some reference trajectory [x*(7), p*, y*] € X(r) X PX Y,
where u,(x, p, ¥, t) and 04X, p, y, f) are a convex underestimator
and a concave overestimator of f; on &(f) X PX Y for each
fixed 1 € [ty, 1], respectively; iff(x, p.y. 0 |x*@,p*,y* denotes the
linearization of f(x, p, ¥, ) at point [x*(¢), p*, y*]; and é(p, y,
) = {&|e(p,y. ©) = & = C(p, y, 1)}. Note that the aforemen-
tioned differential system is a LTV ODE with a fixed sequence
of events; the solution functions ¢( -, -, ¢) and C( -, -, 1) are
therefore affine in p and y at fixed 7.6 Also note that, in
practice, the differential equations for ¢ and C are integrated
simultaneously with the equations yielding x” and x".

(3) Function relaxations: Derive convex underestimators
for the terms with state variables participating. This can be
accomplished by applying McCormick’s technique for relaxing
factorable functions. Consider, for example, the function
elx(p, y, D] G € {1,..., n}, t € [ty, 1] fixed), let e, be a
convex underestimator of ¢ on ¥(f) (obtained by using any
suitable technique for relaxing functions without state variables
participating as discussed earlier), and denote z,,;,, a point at
which e(-) attains its infimum on &,(¢). Then,

u(p(pv Y) = e(p[mid{ci(ps Y7 Dr Ci(pa yy Z)y Zmin}]

is a convex underestimator for ¢[x,(p, y, )] on PX Y° (see
McCormick*” for proof). An analogous result holds for con-
structing concave overestimators. In these relaxations, the mid
function selects the middle value of three scalars. Its use merits
some comments because it may introduce nonsmoothness in
the resulting convex underestimators. For example, this situa-
tion occurs when the bounds x“ or x" for the state variables
yield tighter relaxations than those provided by the functions
c(p, y, ) or C(p, y, 1), respectively, for some points (p, y) €
PX Y. An alternative approach providing smooth relaxations
consists of adding a new variable w and new inequality con-
straints as

u,(p,y) = e (o)
st. o=c¢p,y. 0
o = x{ (1)
o =C(p,y, D
o =x{(1)

It is demonstrated in Tawarmalani and Sahinidis3° (Theorem 2)
that the underestimator in the mid function approach is implied
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V1E (1, 1]
i=1,...,n,

V(p,y EPXY

in the relaxation derived through the application of the decom-
position approach as long as the same function e, is used as the
aforementioned underestimator for ¢.

Concerning integral terms, valid convex/concave relaxations
are derived by exploiting the monotonicity of the Lebesgue
integral, as illustrated in Singer and Barton.?® More precisely,
integrating a pointwise in time convex underestimator (resp.
concave overestimator) for an integrand provides a convex
underestimator (resp. concave overestimator) for an integral.

2.2 Lower bounding convex MIDO problem

The development of rigorous decomposition algorithms to
solve MIDO problems relies on the ability to construct valid
support functions. As discussed in the introduction of this
paper, such support functions cannot be obtained directly by
linearizing the objective and constraint functionals in problem
(P) because of the nonconvexity inherent in the dynamic opti-
mization subproblems. Rather, a lower bounding convex
MIDO problem [subsequently referred to as (LBP)] is consid-
ered.

i
min uy = g, (P, y) + J uy,(p, y, Ddt

p.y
to

Iy
s.t. 0= u,(p,y) + f uy,(p, y, t)dt k=1,...,n,
10
PEP
yEY (LBP)
where uy, and u,,, k = 0,..., n., denote convex underesti-

mators of ¢, and s, respectively, for (p, y) € PX Y° and each
fixed 1 € [fo, ¢, as obtained by applying the relaxation proce-
dure described in subsection 2.1, or any alternative valid re-
laxation procedure. Note that problem (LBP) contains the fea-
sible set of the original MIDO problem (P) for each integer
realization y € Y. Furthermore, note that the objective function
ug of (LBP) underestimates the objective function $ of (P) for
each y € Y. By construction, a solution of (LBP) therefore
provides a valid lower bound to the global solution value of
P).

The following assumptions on (LBP) are necessary:

Assumption 1 The relaxed functions u, and u,,, k= 0,...,
n., are once continuously differentiable in an open neighbor-
hood of (p/, y/), where p/ is a KKT (Karush-Kuhn-Tucker)
point for the convex subproblem obtained by fixing the binary
variables to y’ in (LBP).

2239



Assumption 2 A constraint qualification holds at the solution
of every subproblem obtained by fixing the binary variables y
in (LBP).

These two assumptions guarantee that the KKT conditions
are both necessary and sufficient to identify the global mini-
mum of the Primal Bounding problems as formulated in sub-
section 2.4 below. They were first considered by Fletcher and
Leyffer>* in their seminal work on OA algorithms for convex

p

iy
s.t. 0 = d)k[x(p’ yf, lff)a pa y’] + dlk[x(p’ yJ’ t)’ p» ij t]dt

x(p,y, 0 =flx(p,y,0,p. ¥, 1]

X(p’ yi7 tO) = h(p? y/)
peEP

Obviously, any feasible point for the primal problem provides
a valid upper bound (UBD) on the global solution value of (P).

The two variants of the MIDO algorithm described later
differ as to whether the primal problem is solved to global
optimality or local optimality (see section 3). In the former
case, the algorithm assumes that [P(y)] can be solved to
e-optimality in a finite number of steps using deterministic
global optimization methods. Several such methods have been
proposed in recent years for optimization problems with em-
bedded ODEs. For example, this can be achieved by using
gradient-based methods in a branch-and-bound framework,
where the requisite convex relaxations are constructed by ap-
plying one of the techniques discussed previously in subsection
2.1. On the other hand, standard optimization methods, such as
the sequential approach?? or the simultaneous approach,?! can
be applied in the second algorithm to find a local solution of the
primal problem.

2.4 Primal Bounding problem

Fixing the binary variables in the Lower Bounding Convex
MIDO problem (LBP) yields the following dynamic optimiza-
tion problem

1y
min ug(y) = uy,(p, ¥) + j uy,(p, ¥, t)dt
pPEP

1o

[
s.t. 0= uy(p.y) + J' uy,(p. ¥, ndt

1o

k=1,...,n. [PB(¥)]

By construction, [PB(y)] is a convex problem whose feasible
set overestimates the feasible set of [P(y/)] and whose obj_ective
function underestimates the objective function of [P(y’)] for
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MINLPs. We refer the interested reader to that paper for a
discussion on these assumptions.

2.3 Primal problem

The Primal problem [P(y’)] is a nonconvex dynamic optimi-
zation problem obtained by fixing the binary variables y = y/
in (P) to yield

if
min } = d)()[x(p’ yi’ tf)’ p, yj] + f l/j()[x(pi yf’ [)’ p, yj7 t]dt

10

to

Vi€, 1]

[P(y)]

each fixed binary realization y in the set Y. Accordingly, the
solution value of [PB(y)] is a valid lower bound on the solution
value of [P(y)]. Furthermore, the solution value of [PB(y/)] is
also greater than or equal to the solution value of the Relaxed
Master problem that generates ¥ (see subsection 2.5). There-
fore, [PB(y/)] represents a Primal Bounding problem for (P).33

When the Primal Bounding problem is infeasible for a given
binary assignment y/, a feasibility problem is solved. It consists
of minimizing a given measure of the constraint violations,
given in general by an €' or €~ sum of constraint violations.
The reader is referred to the article by Fletcher and Leyffer>*
for a discussion of the feasibility problem formulation and
properties. In the case of an €' sum of constraint violations, the
Primal Bounding Feasibility problem, denoted as [PBF(y)],
can be formulated as

ne

min 2 o

B=0pEP ;_,

1y
s.t. e = ug(p, YY) + f uy,(p, y, ndt

0]

k=1,...,n[PBF(y)]

2.5 Relaxed Master problem

The Lower Bounding Convex MIDO problem (LBP) is a
MIDO problem, the functions of which are convex (by con-
struction) and once continuously differentiable (by Assumption
1). Therefore, the OA technique of Duran and Grossmann,??
later corrected by Fletcher and Leyffer,>* can be applied to
derive an equivalent MILP, termed the Master problem, the
solution value of which is identical to that of (LBP). That is, the
solution value of the Master problem provides a valid lower
bound to the solution value of (P). The Master problem is
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s.L. n= ££u¢(,(',')+f::, uun.r»,«,r)m(ps Y)|puy’

0= 'gum('s)ﬂﬁﬁuw(u',t)dr(p’ Y)|p‘~y’ k=1,...
0=LyiristupeonalP Dy k=1,

o

pPEP
yeyY

where the sets 7 and & are defined as
J = {i : PB(y') is feasible with optimal solution p'}
& = {i : PB(y') is infeasible and p’ solves PBF(y)}

and

0. Vlps = 6.9 + V15, 57(0 )

Remark 2.5. Rigorously speaking, the equivalence be-
tween problems (LBP) and (M) holds under the assertion of a
constraint qualification at those solution points of the Primal
Bounding problems on which the OA is based. This condition
is satisfied by Assumption 2.

The Master problem is impractical to solve, however, be-
cause it requires the solution of all the Primal Bounding prob-
lems. Rather, a relaxation of the Master problem [referred to as
(RMY)] is considered, where the feasible set is progressively
restricted by adding constraints at each new binary assignment,
y/, visited by the algorithm. More specifically, the constraints
correspond to linearizations of the objective and active con-
straint functions of the Lower Bounding Convex problem
(LBP) at (p/, ¥), where p/ denotes an optimal solution of
problem [PB(y/)] or its related feasibility problem [PBF(y’)] as
the case may be.?? In the case of an infeasible Primal Bounding
problem, note that the linearizations derived from the feasibil-
ity problem exclude the current binary assignment®*; otherwise,
an integer cut*® is added to the Relaxed Master problem that
excludes the currently examined binary realization. Accord-
ingly, problem (RMY) provides a new binary assignment, y/*'

} Vied
7n(7
vied

> e

M)

€ Y (or the Relaxed Master problem becomes infeasible).
Problem (RMY) is defined as follows

min 7
P.y:m
st.  n<UBD
N = Lo unernalPs Ypiy
0= 55%(.,.)”;[‘ eyt (Ps Y)|pi,y: k=1,...,n,
Bl= X y— 2 wtl Vied
reRi kENDI
B={k:y, =1} NB = {k:yi =0}
0= ‘Egu@(-.-)Jrfzyu.m(-,-.t)dt(py y)|pi’yi k=1,..., n. Viey
PEP
YEY (RMY)

where the sets 97 and & are defined as
97 = {ili = j : PB(y') is feasible with optimal solution p'}
%' ={ili =j : PB(y') is infeasible and p' solves PBF(y')}

Remark 2.6. Arbitrarily large parts of the feasible domain
could be excluded if the linearizations were directly generated
from the original nonconvex MIDO problem (P), instead of the
Lower Bounding problem (LBP). By doing so, the global
solution of the problem could be potentially excluded, thus
reducing the MIDO algorithm to an ad hoc improvement strat-

egy.

2.6 Illustrative example
Consider the following MIDO problem:

mlng :X%(p, y, 1) - X%(p, Y. 1)

Py

S.t. xl(p’ y, t) = [_xl(p7 y, t) + 2yl]p

X(p, Yy, ) = [2x(p,y, ) — x:(p,y. 1) + »lp

x(p,y,00=0

xz(P’ ys O) =1
p€E[0.5,1.5]=P
ye{0,1}?=Y
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Figure 1. Objective function of problem (EX1) for (p, y,) € Px [0, 1].

Left plot: y, = 0; right plot: y, = 1.[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

(EX1) is a nonconvex MIDO problem, the global solution
value of which corresponds to $* = —3.752 and is attained at
p* = 1.5 for the binary assignment y* = (1, 1). Figure 1
depicts $ in the joint p—y, space, where variable y, is assigned
the value O or 1.

A direct consequence of the nonconvexities in (EX1) is the
presence of multiple local minima in several of the Primal
problems. One such local minimum is $ = 0.1835 at p = 0.5,
which occurs in the Primal problem obtained by fixing y, = 1
and y, = 0. Furthermore, the linearization of the objective
function about this point is

55;,5(17, Yis yz)|(p',y‘|,y-z):(05,1,0> =0.1835 + 1.736(p — 0.5)
+ 0.5405(y, — 1) — 0.7612y,

Note that an invalid cut would be generated if the linearization
were derived from the nonconvex MIDO problem directly and
not from the Lower Bounding Convex MIDO. In fact, as Figure
2 illustrates, most of the feasible domain of the problem would
be excluded, including the global minimum of (EX1). Thus, an
OA algorithm generating linearizations from the nonconvex
MIDO problem itself would fail to locate the global solution
and would terminate at an arbitrary suboptimal point.

As mentioned in subsection 2.1, the first and second steps for
constructing a convex relaxation of the objective function
consist of generating a convex underestimator ¢ and a concave
overestimator C of the solutions of the embedded differential
system. The state variables and their relaxations at final time
are depicted in Figure 3 in the joint p—y, space (by setting y, =

. _ objertive functlon  —
Linearization Lals_aug-1m=0 -

di(py)

25

0). In this plot, the reference trajectory for linearizing the
right-hand side of the differential system was chosen as [x*(?),
¥, y¥1 = [xY(), pY, y¥]. Also note that the state bounds and
relaxations were derived automatically, using an operator-over-
loading approach implemented in C+ +, because constructing
the relaxed differential system yielding the state bounds and
relaxations quickly becomes a tedious and error-prone task
when performed manually.

A convex underestimator for the objective function is finally
obtained by applying McCormick’s composition technique
from the bounds/relaxations of the state variables at the final
time. Both terms in the objective function are relaxed sepa-
rately, thus yielding the following overall convex underestima-
tor ug(p, y) for the objective function on PX [0, 1%

M}(p’ Y) = [mld{cl(p7 y, 1)’ Cl(p’ y, 1)’ Zliﬂin}]Z + Xé(l)
X (1) = [%(1) + (D] X mid{e,(p, y, 1), C(p. y, 1), 22}

where
2™ = mid{x7(1), x7(1), 0}

if [x3(1)] > [x5'(1D)]

otherwise

max _ {)é(l)

207 1

The nonconvex objective function $ of Problem (EX1) and its
convex relaxation ug in the joint continuous/discrete space are
shown in Figure 4. Note that u4 is nonsmooth at some points

_ objective function J
EANON L3l gm0

Figure 2. Objective function $ of (EX1) and its linearization about (p, y,, ¥,) = (0.5, 1, 0).

Left plot: y, = 0; right plot: y, = 1. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Figure 3. Convex and concave relaxations of the state variables at final time, for (p, y,) € Px [0, 1], y, = 0, with the
outer-approximation point being chosen as [x*(t), p*, y*] = [xY(t), pY, y"I.

Left plot: x,; right plot: x,.

because of the use of the mid function and the conditional
statement. An alternative, smooth Lower Bounding Convex
MIDO can be formulated by introducing two new variables, w,
and w,, as well as constraints on w, and w, (see subsection 2.1).
In this case, the following Lower Bounding Convex MIDO
subproblem is obtained:

min - o} +x5(1)a5(1) — [x5(1) + 23 (D) ]w,

p.y, 01,02
s.t. Cl(p’ y7 1) = (1 = Cl(p’ y’ 1)
xi(1) = o, = x{(1)
Cl(py y, 1) = Wy = C2(p’ y. l)
x5(1) = w, = x5(1)
peEP ye{0 1y
The relaxed, convex objective function in the Primal Bound-
ing problem is obtained by setting the relaxed binary variable
v, to 0/1 in Figure 4. Furthermore, the cuts in the Relaxed
Master problem correspond to the supporting planes at the

minimum point of the Primal Bounding problem; these cuts are
valid, for ug is convex on PX [0, 1]?

objective lunctbon
convex relaxation ———

3 Algorithms

The algorithms developed for solving MIDO problems of the
form (P) consist of solving an alternating sequence of Relaxed
Master problems, Primal Bounding problems, and Primal prob-
lems. Two different versions are considered differing only on
whether the nonconvex Primal problems are solved to guaran-
teed global optimality (algorithm 1) or local optimality (algo-
rithm 2).

Algorithm 1: global solution of MIDO problems
Initialize
1.Setj=0,£=1,9=F°=q° =,
2. UBD = +%=, UBDPB = +o.
3. binary realization y' is given.

REPEAT '
IF (j = 0 or (RM) is feasible) THEN

REPEAT

1. Setj=j+ 1.

2. Solve [PB(y)];
IF [PB(y)] is infeasible, solve the feasibility prob-
lem [PBE(y)];
Let a solution be p’.

3. Linearize the objective and active constraint func-
tions of (LBP) about (p/, ¥);

d(p.¥)

objective funetion
comvex relaxation

ddiddbdhbion

Figure 4. Convex relaxations of the objective function of problem (EX1) for (p, y,) € Px [0, 1] and the outer-
approximation point being chosen as [x*(), p*, y*] = [XY(t), pY, y"I.

Left plot: y, = 0; right plot: y, = 1. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Set (=L " F=F 'y (jHor (F=F""U
Uy, 9 = g/~ l) as the case may be.
4. If [PB(y/)] is feasible and ud,o(p’, _y’)
f)dt < UBDPB, update p% = p/, yB Y, jE =],
UBDPB = u,, (0, ¥) + [¥ u, (0. ¥. t)dr.
5. Solve the current relaxatlon (RMY) of (P) (solution
value 7);
Let a solution be y
UNTIL (7)’ = UBDPB or (RMj) is infeasible)
END IF

IF (UBDPB < UBD) THEN
1. Solve P(y%) to global optimality;
Set U = wt U ()
If P(y 3) is feasible, let a solution be p), and if d)O(pP,
Y + ‘l’o(plPs Y5 )dt < UBD, update p} = PIP’ Yr

=YY% ]* =j, UBD = ¢0(pP’ Yi) + f l/’o(pp’ Y, dt.
2. If 77\ U’ # ), update UBDPB = min {z 5@ Y") +

toug (@Y, Ddt:m € T T\ U}, let (p°, y°) corre-
spond to the Primal Bounding solution value UBDPB,
update p% = p*, y5 =y, j5 = s, set £ = € + 1;
Otherwise, set UBDPB = + o,

i(f, l_’td;n(p]7 ij

/+1

END IF
UNTIL (UBDPB = UBD and ((RM) is infeasible or ' =
UBD))
A global solution of problem (P) is given by the current UBD,
p#;’! y>1k)'

Remark 3.1. In the algorithm presented above, the global

solution of the Primal problem [P(y/)] is postponed until the
lower bound exceeds the current best Primal Bounding prob-
lem [PB(y)] solution value (see, for example, Kesavan et al.3?
for a discussion of these aspects). Therefore, the computation-
ally expensive task of solving the Primal problem to global
optimality at every iteration is avoided. Furthermore, delayed
solution of the Primal problem also provides an improved
upper bound that can be used to solve efficiently other Primal
problems. For example, if branch-and-bound is used to solve
the nonconvex Primal problem to global optimality, the current
upper bound on the overall problem can be used as an incum-
bent to fathom nodes thus reducing computational expense.

Remark 3.2. A variant of the outer approximation-algo-
rithm was proposed by Gatzke and Barton3® for solving non-
convex MINLPs on distributed memory parallel computing
architectures. In this modified version, an alternating sequence
of Primal Bounding and Relaxed Master problems is solved on
the root node of the cluster, whereas a Primal problem is
spawned on an available node whenever a new binary realiza-
tion is generated with a feasible Primal Bounding solution less
than the current upper bound. This parallel version of the
outer-approximation algorithm can be readily adapted to solve
MIDO problems, thus reducing the overall computational time
and enabling solution of realistic engineering problems.

The following property holds for Algorithm 1:

Property 1 If assumptions with respect to problems (P) and

finite number of steps for [P(y)], then Algorithm 1 either
terminates in a finite number of steps with an g-optimal solu-
tion of (P) or with an indication that problem (P) is infeasible.
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Proof. The proof directly follows from that presented in Ke-
savan et al.33 []

3.2 Algorithm 2: rigorous bounds on the global solution
value of MIDO problems

Solving Primal problems to global optimality typically rep-
resents the majority of the overall computational time. This
requirement is weakened in Algorithm 2 because only a feasi-
ble point (if any) is provided for the Primal problem [P(y)].
Accordingly, the convergence properties of Algorithm 2 are
weakened relative to Algorithm 1 because Algorithm 2 proce-
dure produces valid upper and lower bounds only on the global
solution value, plus a solution that may potentially be subop-
timal. In this case, an upper bound is given by the current UBD,
p%, y%, whereas a lower bound is obtained by

LBD = min PB(y’)

i€eJn

where n is the iteration at which the last feasible Primal
Bounding solution is obtained before the algorithm terminated.
On finite termination of Algorithm 2, the distance between the
global solution value of (P) and the solution value obtained,
(p%, y%), is therefore guaranteed to be less than or equal to
UBD—-LBD.

Algorithm 2 is obtained by replacing the statement:

e “Solve P(y%) to global optimality;”
in Algorithm 1 with the following statement:

e “Solve P(y%) for any feasible point (global minimum
unnecessary);”

Remark 3.3. A substantial reduction in the computational
expense is generally achieved by application of Algorithm 2 in
lieu of Algorithm 1. This is illustrated in section 4 for a
practical example. In particular, we anticipate that this algo-
rithm will be of great interest in solving realistic engineering
problems such as large-scale chemical process design, or for
other similar applications where obtaining a global solution of
the problem is not essential. Furthermore, the likelihood of
finding a global solution to the problem can be increased by
solving the Primal problem to local optimality from a number
of randomly selected starting points, by stopping the branch-
and-bound algorithm after a fixed number of iterations, or
terminating the branch-and-bound algorithm after some fixed
amount of time.

3.3 Implementation issues

The proposed algorithms for solving MIDO problems rely
heavily on the use of convex relaxations for the nonconvex
functions ¢, and . These relaxations are required for the
solution of the Primal Bounding problems and are also used in
the global solution of the Primal problems, such as whether a
branch-and-bound procedure is used. A significant portion of
the computational effort required to solve MIDO problems
therefore lies in the numerical solution of the relaxed system of
ODE:s.

As described in subsection 2.1, computing the relaxations for
the solutions of the embedded differential system consists of
calculating the bounds x* and x" on the state variables as well
as computing the functions ¢ and C at a fixed time ¢ € [f,, 1.
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Figure 5. Task network of a two-stage batch process.

The state bounds are parameter independent by construction.
Additionally, the affine structure of ¢ and C allows us to write:

— p*
ey, =M@(" " T) + 000 (M)
_ p—p*
Clp,y.0) = Mc(z)<y - y*> +nc(D) )

where (p*, y*) € PX Y is a reference point; M. and M,
denote the parametric sensitivities of ¢ and C at (p*, y*),
respectively; n. and n. are the values of ¢ and C at (p*, y*),
respectively. A direct consequence of the relationships 1 and 2
is that the values of ¢ and C can be calculated by linear algebra
instead of integrating the relaxed system of ODEs and its
first-order sensitivities whenever M., M, n_, and n. are al-
ready available (and provided the objective and constraints do
not contain integral terms). Note in particular that if the bounds
[p*, pY] on the parameters remain constant with the binary
variables fixed, then the derived quantities M., M, n., and n.
remain constant as well. Therefore, one needs only to integrate
the relaxed differential system once during the OA algorithm,
whereas subsequent calculations of ¢ and C can be performed
without integration. Furthermore, a staggered corrector method
can be used to compute the sensitivities efficiently.*® Also note
that similar considerations hold in a branch-and-bound algo-
rithm for the global optimization of dynamic optimization
problems as discussed in Singer and Barton.?® Exploiting the
affine structure of ¢ and C thus leads to substantial reductions
in the overall computational expense.

The efficiency of the OA algorithm can be further improved
by applying bounds-tightening techniques to reduce the size of
the parameter space. As the parameter bounds are tightened, so
are the convex relaxations for the nonconvex functions, poten-
tially enhancing the convergence of the OA iterative procedure.
The time required to solve the Primal problem to global opti-
mality may also be improved as the search space is reduced. In
the OA algorithm presented above, a bounds-tightening proce-
dure can be considered immediately before (or after) the Re-
laxed Master problem solution; it consists in solving 2 X n,
additional MILP problems as follows:

min/max p;
pP.Y:n P.Y.m k=1,..., n,
s.t. same constraints as in (RM’)

AIChE Journal August 2005

Clearly, whether bounds tightening techniques should or
should not be applied results from a trade-off between the
computational expense associated with the additional MILPs
and the overall reduction of computational time obtained from
convergence enhancement. Also note that the relaxed system of
ODEs (and its first-order sensitivities) must be reintegrated
whenever the parameter bounds are modified, thus adding
computational expense. Our experience in solving MIDO prob-
lems indicates that the bounds-tightening procedure is gener-
ally beneficial in Algorithm 1 because the majority of the CPU
time is devoted to solving globally the Primal problems. On the
contrary, bounds tightening tends to no longer be beneficial in
Algorithm 2, given that the solution time for MILPs dominates.
In this latter case, one may want to solve the bounds-tightening
problems once every N iterations to reduce the cost associated
with the additional MILPs. This is illustrated in the case study
presented in the following section.

4 Case Study

The application of the MIDO algorithms is now demon-
strated with an example based on a batch process. This case
study was first considered in the work of Kesavan and Barton,?8
where rigorous bounds on the global solution value were ob-
tained by applying the screening model approach developed by
Allgor et al.3

The batch process under consideration is shown in Figure 5.
It consists of a series reaction (A — B — C) followed by
separation with no intermediate storage (NIS). A specified
inventory of equipment, their rental cost, and their character-
istics are reported in Table A1 (Appendix). The physical prop-
erties of the pure components A, B, and C are found in Table
A2 (Appendix).

The objective of the problem is to select the optimal process
design and operating conditions that minimize the overall man-
ufacturing cost to produce a specified amount of product in a
given time. The model equations are derived by assuming that
the process operates at a cyclic steady state and by neglecting
the start-up and shutdown of the process. Although the problem
of determining optimal start-up and shutdown costs can be
decoupled from that of the optimal cyclic steady-state cost, in
general, these two problems are coupled in the determination of
the overall cost of a manufacturing campaign. The inclusion of
these aspects will be the topic of future work.

Reactors. The concentration profiles of the reactant (A)
and products (B and C) are governed by the following set of
ODEs:

CA = —kC,
Cs =k Cy — kCy Vie[0, ]
CC = kZCB

where C4(0) = C,, Cx(0) = C(0) = 0, and tP7°¢ denotes the
processing time for the reaction task. Note that, because the
processing time for the operation is a decision variable, the
time transformation outlined in Remark 2.3 must be applied
before constructing convex relaxations. The temperature de-
pendency of the kinetic rates k; and k, is expressed according
to the Arrhenius rate expressions:
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kl — kloefEllRT
k2 — kzoesz/RT

Furthermore, we consider the case where the activation
energy (E,) for the first reaction (A — B) is lower than the
activation energy (E,) of the second reaction (B — C); the
values of the corresponding parameters are given in Table A3
(Appendix). From an extent of reaction analysis, the following
invariant may be derived for the dynamic system

Cu(t) + Cy(r) + C(t) = Cy, Ve [0, 2]
and the concentrations in A, B, and C are nonnegative; the

following set of natural bounds is thus used in deriving tight
bounds for the state variables:

0=Cy(1) =C,,
0= Cy(r) = Cy,
0=Cdt) =Cy,

V1€ [0, 7]

The following logical constraints enforce that at least one
reactor is assigned for the reaction task and that the total
volume processed per batch (V,) is less than or equal to the
volume of the assigned reactors:

N
>yir=1  i=1,...,T,
n=1
7. N,
z2n=1
i=1 n=1
. N,
2 2 V=V,
i=1 n=1
where T, = 3and N. = 1 (i = 1,..., T,); y*" is a binary

variable indicating whether n reactors of type i are used for the
reaction task.

Distillation Columns. A perfect split of components is
assumed for the batch distillation. This implies a sufficiently
large number of trays and reflux ratio for the columns. Accord-
ingly, the processing time #5°¢ for the distillation task can be
calculated as

Ta Ny _in i
roc roc roc Yd (1 + Rmin)
1 = VICAE™) + Cp™)] 2 X~
d

i=1n=1

where T, = 6 and N, = 6 i = 1,..., T,); y5" is a binary
variable indicating whether n columns of type i are used for the
distillation task; R, and v}, denote the minimum reflux ratio
and the maximum vapor rate for distillation column of type i,
respectively.

The following logical constraints enforce that distillation

columns operating in parallel (if any exist) are of the same type
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and that the total volume processed per batch does not exceed
the volume of the assigned columns:

Ta Ny

> 2=

i=1 n=1

N,
E E nyfj‘"ij =V,

i=1 n=1

Two different cost minimization problems are subsequently
investigated. A fixed production rate is imposed for product B
in the first problem (subsection 4.2), whereas the second prob-
lem defines a fixed production amount of B to be manufactured
over a given time horizon (subsection 4.3). Several aspects
concerning the numerical implementation of the MIDO algo-
rithms are detailed beforehand in the next subsection.

4.1 Numerical implementation

A number of general software components have been devel-
oped to implement Algorithms 1 and 2; they are detailed in the
following list:

® The Primal Bounding problem relies on creation of con-
vex relaxations for the nonconvex functions in Problem (P) as
well as for the right-hand side of the embedded nonlinear
differential equations (similar relaxations are also needed for
the global solution of the Primal problem in Algorithm 1). Any
nonlinear equality constraints are relaxed to a pair of convex
inequalities. In this work, the relaxations are generated auto-
matically based on an operator-overloading approach using
C++ (only factorable nonconvex functions can be considered
at the present time). The first-order derivatives and natural
interval extensions are calculated similarly. Although the op-
erator-overloading approach is known to be less efficient than
code generation (the overhead increases with the number of
operations), its use is convenient for algorithmic prototyping.
To increase efficiency, a code generation technique is currently
under development.

e A Feasibility problem is solved whenever a binary real-
ization yields an infeasible Primal Bounding problem. It is
constructed by defining positive slack variables that augment
the problem to relax all constraints. The sum of the slack
variables (€' sum of constraint violation) is then minimized.

® [ocal dynamic optimizations are performed by using the
code DYNO,?° which implements a control parameterization
approach. In Algorithm 1, the Primal problems are solved to
global optimality by applying a branch-and-bound procedure
that searches over the possible values for the continuous vari-
ables. This is achieved by using our in-house, C++ branch-
and-bound library libBandB 3.2,5! within a relative tolerance
settoe = 107,

e The Relaxed Master problems are derived from lineariza-
tions of the Lower Bounding Convex MIDO problem. The
Jacobian values for the participating functions are provided by
DYNO, and the resulting MILPs are solved using CPLEX 9.0
callable libraries.>?
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Table 1. Results for the Minimization of the Overall Cost Subject to a Given Production Rate of B

CPU Time (s)

Heuristics Iterations Primal Primal Bounding Relaxed Master Overall

MIDO algorithm version 1:

Without domain

reduction 57132 4177 9.1 0.5 4187

With domain reduction 32/31 2828 13.4 1.1 2843
MIDO algorithm version 2:

Without domain

reduction 57132 10.5 9.2 0.5 20.6

With domain reduction 32/31 8.5 13.1 1.2 23.0

The computational platform used to run the program was a
3.4-GHz Pentium 4 processor with 1 GB memory, running
Linux 2.4.21. The compiler used was gcc 3.3.1.

4.2 Problem 1: minimum cost for a fixed production
rate of B

In addition to the model equations and logical constraints
presented previously, the objective function and production/
time constraints for this problem are defined as follows:

Objective Function. The cost associated with each batch
processed consists of the raw material cost, the waste disposal
cost, and the equipment costs for the reactors and distillation
columns:

$ = V,Cy,M,CO™
-
Raw material cost
+ V,[Co(B*)YM,COL™® + Co(#) MCOEP]

-
Waste disposal cost

Ta Ny

T, N,
+ 2 E nyi’"COi. oach 4 E E nyf;”Cij foateh

i=1n=1 i=1 n=1
N RN v

Equipment cost (reactor) Equipment cost (column)
where °“" denotes the time per batch; the cost of purchase of
A (CO%™™), and the costs of disposal of A (CO%P) and C
(CO%EPy are specified in Table A4 (Appendix).

Fixed Production Constraint. Product B is to be manufac-
tured at a fixed production rate of rg* = 1 kmol/h. The

corresponding constraint in the optimization problem is given
by

out batch _ proc
gt = V,Cy(£)™)

Time Constraints. These constraints enforce the time per
batch " to be greater than or equal to the total processing
times for the react ion and distillation tasks:

tbatch > tiharge + tEroc + t\:mpty
thatch > t;ha:ge + ZL(rieﬂux + tgroc + tzmply

where the times required to charge ("*2°) and empty (1°™PY)
a reactor, as well as the times required to charge (5"%%°), empty
(5™PY), and bring a column to total reflux (") are given in

Table AS (Appendix).
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The resulting problem is a nonconvex MIDO that contains
one control variable (7' € [298, 323 K]), four design parame-
ters (" € [0, 10 h], 2™ € [0, 10 h], 5" € [0, 10 h], V, €
[0, 700 L]), and 39 binary variables (y>", y;;"). By accounting
for the existing SOS1 sets of binary variables, the total number
of discrete alternatives in this problem is 252. Also note that
the temperature profile is assumed to be constant, that is, it is
simply considered as an additional decision variable (one can
verify that optimizing the temperature as a time varying profile
provides only a marginal reduction of the overall cost).

The global solution value corresponds to an overall cost of
$* = $1.404 X 10° per batch. The optimal batch process
configuration is as follows (see Table Al):

® reactor R1: 1 unit

® reactor R3: 1 unit

e distillation column C2: 1 unit
and the optimal values for the decision variables are ¢
3.73 h, £7°°=1.73 h, 5 =073 h, V, = 4809 L, and T =
314.2 K.

The computational times for solving Problem 1 are re-
ported in Table 1. The initial binary realization in these
computations was chosen as: R1, 1 unit; C1l, 1 unit. In
agreement with the conclusions drawn in Kesavan et al.?3 for
the solution of separable nonconvex MINLPs, the outer-
approximation algorithm appears to be rather insensitive to
the initial guess for the binary realization. The solution time
for this problem using Algorithm 1 is around 70 min without
using any bound reduction heuristics, whereas the applica-
tion of the bounds tightening technique, as described in
subsection 3.3, reduces the CPU time to about 47 min. The
corresponding numbers of Relaxed Master problems and
Primal problems solved by the algorithms are reported in the
iteration column, respectively. In both cases, the outer-
approximation algorithm avoids total enumeration and dem-
onstrates its efficiency, given that only a small fraction of all
possible process structure alternatives is visited. The itera-
tions of MIDO Algorithm 1 for this problem are depicted in
Figure 6: at each iteration j, the solution value of the
Relaxed Master problem (RMY) is displayed; the global
solution value of the corresponding Primal problem [P(y’)],
if feasible, is also represented (note that this value is not
available from the algorithm when a better upper bound was
found from the previous Primal problems; these values were
computed independently for presentation purposes). Al-
though the number of Primal problems solved is comparable
in both cases (31 Primal solved with domain reduction, 32
otherwise), the bounds reduction improves the overall com-
putational time by more than 30%. When the domain reduc-

batch _
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Figure 6. Minimization of the overall cost per batch subject to a given production rate of B (Algorithm 1).
Left plot: MIDO iterations without domain reduction heuristic; right plot: with domain reduction. [Color figure can be viewed in the online

issue, which is available at www.interscience.wiley.com.]

tion heuristic is used, the convergence of the branch-and-
bound algorithm is indeed enhanced because the search
space in the Primal problem is progressively reduced. On the
contrary, the CPU time required to solve the Primal Bound-
ing problems increases when domain reduction is applied
because the relaxed system of ODEs and its first-order
sensitivities need to be recalculated whenever the parameter
bounds are modified; the solution time for the Relaxed
Master problems also increases because it accounts for the
additional MILPs solved for updating the bounds.

The application of Algorithm 2 to solve this problem was
also considered. It is worth noting that this simplified algorithm
finds the global solution of Problem 1 despite the fact that no
theoretical guarantee can be given. In addition, the CPU time
required to solve the problem is dramatically reduced, given
that Algorithm 2 terminates in about 20 s. Also note that the
application of the bounds tightening heuristics is no longer
beneficial because the modification of the parameter bounds
requires additional integrations of the differential system to
update the parametric sensitivities of ¢ and C at time 7" (see
subsection 3.3).

4.3 Problem 2: minimum cost for a fixed production
amount of B

out

Problem 2 imposes the production of a fixed amount 7" =
30 kmol of B over a given time horizon " = 100 h. In
addition to selecting the optimal process structure and operat-
ing conditions, one must also determine the optimal number of
batches N, over the optimization horizon. The objective, the
production constraints, and the time constraints are modified as
follows:

$ = vb[CAoMAC o
+ CLE™) M,COY + Colt™) MCOBTIN,

T, N T, N,
H S S mircoi+ 3 S myirco; e

i=1 n=1 i=1 n=1

13" = V,Cp(f™)N,
£eamp < thoriz
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£eamp > (tiharge + ﬂ:mc + timpty)Nb
tcamp > (tzharge + l,\;ﬂux + tgroc + tzmpty) Nb

where 1°*P denotes the length of the manufacturing campaign.
The model equations, as well as the logical constraints, remain
unchanged.

The overall problem now contains one control variable (T €
[298, 323 K], assumed constant), four design parameters (z°*™"
€ [0, 100 h], 2 € [0, 100 h], £5°° € [0, 100 h], V,, € [0, 700
L]), 39 binary variables (y>", y’;"), and one integer variable (N,
€ {1,..., 33}). Note that this latter integer variable was
reformulated as a SOS1 set of binary variables. Furthermore,
the total number of discrete realizations in this example is
8316.

The global solution for Problem 2 corresponds to an overall
cost of $* = $1.111 X 10° The optimal batch process con-
figuration is as follows (see Table Al):

® reactor R3: 1 unit

e distillation column C1: 2 units

® N, = 9 batches
and the optimal values for the decision variables are ™ =
4437 h, 77°° =293 h, 7 =193 h, V, =400 L, and T =
310.8 K. Note that this design differs substantially from the
optimal solution found in Problem 1. Also note that the global
solution value found by the outer-approximation algorithm is
better than the upper bound reported in Kesavan and Barton?®
for the same problem.

The computational times for solving Problem 2 are reported
in Table 2. The application of Algorithm 1 provides the global
solution to the problem in about 14.3 and 15.5 h, depending on
whether domain reduction is applied; in both cases, total enu-
meration of the process structure alternatives is avoided, given
that only 1082 binary realizations out of 8316 were visited in
the former case and 1305 in the latter. As expected, the major
computational expense derives from the solution of Primal
problems to e-optimality. Statistics indicate that the average
CPU time for solving a Primal problem is about 50 s (with a
maximum CPU time of 8 min), and the average number of
nodes in the branch-and-bound tree is around 170 (with a
maximum value of 1752). Also note that, for some binary
realizations, the computational expense for proving Primal
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Table 2. Results for the Minimization of the Overall Cost Subject to a Fixed Production Amount of B

CPU Time (s)

Heuristics Iterations Primal Primal Bounding Relaxed Master Overall
MIDO algorithm version 1:
Without domain
reduction 1305/1266 53,631 272 1584 55,656
‘With domain reduction 1082/1062 50,416 235 703 51,465
MIDO algorithm version 2:
Without domain
reduction 1305/1266 334 269 1587 2357
With domain reduction 1082/1062 371 234 703 1417

infeasibility may take as long as the solution of a feasible
Primal problem to finite e-optimality.

Roughly, the more promising binary realizations are visited
early by the outer approximation algorithm, and the upper
bound UBD rapidly reaches the global minimum of the prob-
lem (after about 200 iterations); this can be seen from Figure 7
(left plot), which depicts the solution values of the Primal and
Relaxed Master problems vs. the iteration count (counter j; see
subsection 3.1). By using UBD as an incumbent in the branch-
and-bound procedure, the computational expense for subse-
quent Primal problems is then progressively reduced as it
becomes faster to detect whether a given binary realization will
yield a worse upper bound or is infeasible. These consider-
ations are illustrated in the right plot in Figure 7, which depicts
the computational expense vs. the iteration count. Also note
that the reduction of CPU time obtained under the application
of domain reduction is not as large as it was in problem 1. This
is because domain reduction is effective primarily during the
last iterations, that is, when solving Primal problems becomes
cheaper.

The application of Algorithm 2 was also investigated for this
problem. One sees from Table 2 that the computational ex-
pense for solving the MIDO problem is again dramatically
reduced in that case. Also note that the use of the bounds
tightening heuristics (one bound reduction performed every 10
iterations) reduces the number of Relaxed Master problems
from 1305 to 1082, and the number of Primal problems from
1266 to 1062. Correlatively, a substantial decrease of the
computational time is observed as the bounds are tightened
from 40 to <24 min. This rather unexpected decrease of CPU
time is attributed to the reduced number of Relaxed Master

Relaxed Master problem .

T 25 Primal problem =
= . Glabal solution
b4 B o
— 2 . -
& . o "k =
= 18 T L T o
§ o ’;&‘mﬁ%
= 1
-
g
o 0.5

n A e

0 200 400 ] 800 1000 1200

iterations

Problems solved. Indeed, as the number of iterations grows, so
does the number of constraints in the Relaxed Master MILP,
and the associated computational effort for solving the Relaxed
Master MILP becomes dominant. This result demonstrates the
utility of using the domain reduction heuristics in Algorithm 2.

Convergence Enhancement from the Use of Screening Model
Cuts. Allgor et al.? introduced screening models for batch
processes consisting of reaction and distillation tasks, and
illustrated their role in the development of batch processes.
Because the solution of screening models yields rigorous lower
bounds on the cost of the resulting design, they can be used as
the foundation for a rigorous decomposition algorithm for the
detailed design of a batch process using MIDO.? Although this
procedure finds rigorous upper and lower bounds on the global
solution value, it may, however, terminate with a solution that
is potentially suboptimal.

In this subsection, we consider valid cuts derived from the
screening model and add them to the relaxed MIDO problem
formulated in subsection 2.2 to enhance the convergence of the
MIDO algorithms. Let & and &, denote the extents of reactions
A — B and B — C, respectively. Because the reactor is
assumed to operate isothermally, the following valid upper and
lower bounds are obtained on &, and &, (see Allgor and Bar-
ton?? for discussion):

_ L proc
kyty

£ = ) = 6= 1 - )

k fe _ ké e k567 kf e

51(1 TR k%—k%)gfzﬁa(l—ek%‘"“)

1000 T T T

cumulative CPU time (min.)

[+] 200 400 600 800 1000 1200
iterations

Figure 7. Minimization of the overall cost to produce a given amount of B (Algorithm 1).
Left plot: MIDO iterations; right plot: CPU time (with domain reduction). [Color figure can be viewed in the online issue, which is available

at www.interscience.wiley.com.]
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Table 3. Results for the Minimization of the Overall Cost Subject to a Fixed Production Amount of B,
with Screening Model Cuts Added

CPU Time (s)

Heuristics Tterations Primal

Primal Bounding Relaxed Master Overall

MIDO algorithm version 1:
With domain reduction
and screening model cuts

MIDO algorithm version 2:
With domain reduction
and screening model cuts

512/482 12,243

512/482 66

303 420 13,020

298 421 839

where
k{] — kloefEllRTU
kéj — kzoesz/RTU
kf _ kloe—El/RT’-
ks = ke HRT

When expressed in terms of the reaction extents &, and &,, the
processing time for the distillation column and the fixed pro-
duction constraint for B are

Tds Ny _in i

: Yd (1 + Rmin)
=) X 2T
nuv,

i=1n=1

ft’am =& - §2)Nb

Additionally, the equations yielding the raw and waste material
costs are transformed as

g™ = fiMyCOP"N,
}‘mp = Vb[(ﬁ\n - gl)MACO,iisp + gchCOgiSp]Nb

Because the aforementioned equality and inequality con-
straints are nonconvex, they must be relaxed before adding
them into the relaxed MIDO problem. The results obtained by
considering these additional cuts are given in Table 3 for
Algorithms 1 and 2. One sees that the overall number of
iterations is reduced by half in both cases because the screening
model cuts allow tighter relaxations, thus excluding a larger
number of binary realizations. For Algorithm 1, these addi-
tional cuts also improve the convergence of the branch-and-
bound algorithm used for solving the Primal problems to &-op-
timality; fewer iterations are indeed required because the
relaxations are tighter and infeasible Primal problems are de-
tected earlier. Accordingly, Problem 2 can now be solved to
guaranteed global optimality in less than 3.7 h. Furthermore,
the global solution of Problem 2 is also found with Algorithm
2, while enabling a substantial reduction in computational time.
Note, however, that the computational expense for solving
Primal Bounding problems is increased when screening model
cuts are added because the relaxations contain the additional
continuous variables &, and &, as well as additional constraints
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(see Table 2 for comparison). Nevertheless, the corresponding
overhead remains small in comparison to the overall improve-
ment. These results therefore demonstrate that large benefits
can be realized by considering screening models for batch
process development purposes.

5 Conclusions

In this article, we presented an algorithm for solving MIDO
problems to guaranteed global optimality that potentially
avoids total enumeration of the discrete alternatives. The algo-
rithm implements an outer-approximation method for noncon-
vex MIPs in combination with a relaxation technique for con-
structing convex underestimators of functions with state
variables participating. It consists of solving an alternating
sequence of Relaxed Master, Primal Bounding, and Primal
problems. Two variants of the algorithm were considered dif-
fering in whether the Primal problems are solved to e-optimal-
ity (Algorithm 1) or only for any feasible point (Algorithm 2).
On finite termination, the former finds a global solution of the
MIDO problem, whereas the latter yields rigorous bounds
bracketing the global solution value and a solution that is
potentially suboptimal. Several aspects concerning numerical
implementation were also discussed to demonstrate techniques
for improving the convergence rate of the algorithms.

After describing the mathematical foundations of the MIDO
algorithm, a case study was presented with respect to the batch
process development. The objective was to select the optimal
process design and operation that minimize the overall manu-
facturing cost subject to either a fixed production rate con-
straint (problem 1) or a fixed amount of product in given time
(problem 2). The algorithms demonstrate applicability in solv-
ing both problems. Interestingly, the global solution of Prob-
lems 1 and 2 was found by Algorithm 2, while greatly reducing
the computational expense relative to Algorithm 1. More gen-
erally, we conjecture that the use of Algorithm 2 may be of
great interest for solving those practical engineering problems
for which obtaining a global solution is not absolutely essen-
tial. Finally, a link was established to the screening model
approach developed in Allgor et al.? by introducing additional
cuts to tighten the MIDO problem relaxations. We found that
these cuts provided substantial reductions in terms of the num-
ber of iterations and the overall computational time.

Current research aims at reducing the overall computational
expense, especially for Algorithm 1, to deal with large-scale
problems in a reasonable amount of time. In particular, the
focus is on the derivation of tighter convex relaxations for
functions with state variables participating. Great advantage
could also arise by considering the generalized branch-and-cut
framework developed by Kesavan and Barton33 to reduce the
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number of binary realizations at which the Primal is solved.
However, it should be noted that the running time of the
algorithms is much more sensitive to the number of binary
variables y and parameters p than to the number of state
variables x. Therefore, global mixed-integer optimization with
a complex dynamic model and a moderate number of decision
variables y, p appears within reach.
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Notation
Acronyms

DAE =
GBC =
GBD =
LBD =
LTV =
MIDO =
MILP =
MINLP =
NLP =
OA =
ODE =
UBD =
UBDPB =

differential-algebraic equation
generalized branch-and-cut
generalized Benders decomposition
lower bound

linear time-varying (system)
mixed-integer dynamic optimization
mixed-integer linear programming
mixed-integer nonlinear programming
nonlinear programming
outer-approximation

ordinary differential equation

upper bound for the primal problem
upper bound for the primal bounding problem

Batch process notation

Cpy =

Ch C, Cc =
com™ =

cossr, cods» =
CcOl, =

Cco. =

E\, E, =

in _

AI
/5=
ky, k, =
ko, koo =

My, Mg, M =

fproc —

d

tcharge —
d

reflux _
Iq

empty _
ty =

fproc —
r

charge _

t =

empty —
tr

AIChE Journal

initial concentration of A charged into the reactor
concentrations of A, B, and C during reaction task
cost of purchase of unit mass of A

cost of disposal of unit mass of A and C

rental rate for distillation column of type i

rental rate for reactor of type i

activation energies for reactions A — B and B — C,
respectively

amount of A available for reaction

total moles of B to be produced

kinetic rates for reactions A — B and B — C, respec-
tively

preexponential factors for reactions A — B and B — C,
respectively

molecular weight of A, B, and C

number of batches during the manufacturing campaign

= number of column units of type i in the manufacturing

facility

number of reactor units of type i in the manufacturing
facility

production rate of B

= reflux ratio for proper gas/liquid contacting in distilla-

tion column of type i
total time per batch

= length of the manufacturing campaign

time horizon for manufacture

processing time per batch for distillation column
time required to charge one batch of material for
distillation column

time required to bring column to total reflux

time required to empty one batch of material for dis-
tillation column

processing time for reaction task

time required to charge one batch of material for
reactor

time required to empty one batch of material for reac-
tor

August 2005

T = temperature of operation for reaction task
T, = types of distillation columns in the manufacturing fa-
cility
T, = types of reactors in the manufacturing facility
v, = maximum vapor rate for distillation column of type i
V,, = volume of material processed per batch
Vi, = volume of column of type i
Vi = volume of reactor of type i
yi" = Are n reactors of type i being used for the reaction
task?
y5" = Are n columns of type i being used for the distillation
task?
&, & = extents of reactions A — B and B — C, respectively

Mathematical notation

$ = objective function

& = linearization operator

number of constraints

= number of continuous decision variables
number of state variables

= number of discrete decision variables
= concave overestimator

= continuous decision variables

= parameter set

= time

= initial time

= final time

= convex underestimator

= state variables

= discrete decision variables

= discrete variable space

convex hull of Y

=S
T 6
[l

S S
Il
Il

<

N~ xS L TT o
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Appendix: Data for the Batch Process
Table Al. Available Equipment for Reaction and Separation Tasks
No. of Units Rental Cost Maximum Vapor Minimum
Equipment Type Auvailable ($/h) Volume (L) Rate (kmol/h) Reflux Ratio
Reactor R1 1 2500 100 n/a n/a
Reactor R2 1 5000 200 n/a n/a
Reactor R3 1 8000 400 n/a n/a
Column C1 6 3000 500 2 1
Column C2 6 10,000 500 16 1.5
Column C3 6 15,000 100 12 0.5
Column C4 6 15,000 100 24 2
Column C5 6 15,000 200 32 1
Column C6 6 15,000 200 48 0.8
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Table A2. Physical Properties of the Pure Components

Table A4. Cost of Purchase/Disposal of A and C

A, B, and C
Molecular Weight Molar Volume
Component (g/mol) (cm>®/mol)
A 100 1
B 100 1
C 100 1

Parameter Cost ($/kg)
coy™ 100
Coy*® 10
codse 1000

Table A3. Constants for Arrhenius Rate Expression

Table AS. Fixed Processing Times for the Reaction and
Distillation Tasks

Case £, < E, Parameter Time (h) Parameter Time (h)
Reaction ko (A1) E; (kcal mol ") eharee 1 eharse 1
A —B 32.10 X 10" 18 £emPy 1 freflux 1
B — C 27.66 X 1018 30 tc{}mply 1
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